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Abstract
We investigate the gravitational Poissonian spontaneous localization (GPSL)
model, a hybrid classical-quantum model in which classical Newtonian gravity
emerges from stochastic collapses of the mass density operator, and consist-
ently couples to quantum matter. Unlike models based on continuous weak
measurement schemes, we show that GPSL ensures vacuum stability; this,
together with its applicability to identical particles and fields, makes it a prom-
ising candidate for a relativistic generalization. We analyze the model’s general
properties, and compare its predictions with those based on continuous weak
measurement schemes. Notably, here the gravitational feedback enters entirely
through the non-Hermitian jump operators, without modifying the unitary
part of the dynamics. We show that this leads to a short-range gravitational
back-reaction and permits decoherence rates below those of any model based
on continuous weak measurement schemes. We provide explicit examples,
including the dynamics of a single particle and a rigid sphere, to illustrate the
distinctive phenomenology of the model. Finally, we discuss the experimental
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testability of GPSL, highlighting both interferometric and non-interferometric
strategies to constrain its parameters and distinguish it from competing models.

Keywords: Newtonian gravity,
semiclassical gravity, hybrid classical-quantum, non-unitarity,
measurement and feedback

1. Introduction

Merging quantum mechanics and general relativity is one of the most important challenges
in physics. Most efforts have gone towards quantizing the gravitational field, producing
remarkable frameworks such as string theory and loop quantum gravity; the complement-
ary approach, which we denote as Hybrid classical-quantum, consists of keeping spacetime
classical while matter is treated quantum mechanically. This latter approach has recently been
gaining momentum [1–6] as a possible consistent theory while it has historically been seen as
a stepping stone toward a fully quantum theory [7]. In fact, the very nature of the gravitational
field is still unclear: experiments have been proposed [8–11] to determine whether gravity is
quantum, classical, or something else, but still have to be performed.

The first examples of a hybrid classical-quantum gravitational model are provided by
semiclassical gravity, according to which classical gravity couples, as dictated by Einstein’s
equations, to the expectation value of the quantized stress-energy tensor [7]. This standard
approach to semiclassical gravity is an active area of research [12, 13] as it allows to make,
among others, cosmological predictions [14]. In the Newtonian limit, these semiclassical mod-
els are expected to reduce to the so-called Schrödinger–Newton equation [15]. However, if
taken as a fundamental description of nature, they are problematic [16, 17] as they suffer,
among others, a severe conceptual issue: since the corresponding dynamics is nonlinear at the
density matrix level [15], they allow for superluminal communication [18].

At the Newtonian level, this shortcoming is overcome by stochastic hybrid models based on
the measurement plus feedback scheme [19, 20]: quantum matter is suitably monitored over
time, and the resulting stochastic measurement record is used to generate the classical grav-
itational field, which eventually interacts back with matter [1, 3, 5, 21–23]. By construction,
there cannot be superluminal communication, because the resulting dynamics is linear at the
density matrix level.

These stochastic hybrid models differ among themselves essentially by what is measured
and the way in which it is monitored [1, 3, 21, 22]. Theoretical and experimental considerations
suggest that, at the non-relativistic level, the monitored observable should be the (smeared)
mass density [4]. Therefore, at the non-relativistic level and among models in which the mass
density is measured, the main distinction is between those based on continuous weak measure-
ments and those based on discrete Poissonian measurements. In the first class fall the Tilloy–
Diósi (TD) model of [1] and all its variants; in the second class falls the model proposed by
Tilloy in [3].

The true challenge consists of how to formulate relativistic hybrid models, which ideally
would represent an alternative to quantum gravity. New theoretical frameworks for such a for-
mulation have been recently suggested [5, 6, 24]; however, they have been criticized because
of the divergences contained in the measurement dynamics [22, 25]. As a matter of fact, it is
well known that relativistic continuous weak measurements or, equivalently, relativistic mod-
els of spontaneous and continuous wave function collapse [26–31], the first building block
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of continuous hybrid models, present divergences that can be explained as a consequence of
vacuum instabilities [25, 32–35]3.

Crudely speaking, the reason why vacuum instability leads to energy divergences is that,
in Minkowski spacetime, the vacuum is invariant after the action of the entire Poincaré sym-
metry group. Therefore, anymixed state developing from it should have the same property [34].
However, the only other state with such a property is the completely mixed state, a state cor-
responding to an infinite temperature thermal state and thus an infinite-energy state. A gen-
eric curved spacetime does not possess the same symmetries of Minkowski spacetime. So, it
is not obvious that a hybrid theory should also keep the vacuum stable. However, we deem
it reasonable that it should, in some meaningful sense, at the level of quantum matter plus
gravity (spacetime deformation). Accepting this, it also makes sense to assume that the non-
relativistic limit of such a hybrid theory should maintain this property. This is why we argue
that a Newtonian hybrid classical-quantum gravitational theory has to present a stable vacuum
for being credible as the non-relativistic limit of the supposedly existing hybrid theory merging
quantum mechanics and general relativity.

In the first approach to a relativistic spontaneous collapsemodel [26], the vacuum instability
problem arises because, for the dynamics to be relativistically invariant, a Wiener noise in
space and time is associated to the continuous weak measurement process, independently of
the quantum state of thematter. This is violent enough to extract infinite energy [26]; evenwhen
matter is absent, the measurement takes place, making vacuum unstable. A solution may be
offered by discrete measurement processes, which by construction take place only whenmatter
is present, and otherwise do not occur. In fact, there are already proposal of incomplete models
of such kind: [36] develops a Ghirardi–Rimini–Weber (GRW)-like model for relativistic but
distinguishable and non-interacting particles, while [37] extends it to interacting particles (but
still distinguishable and with a fixed number of them).

A non-relativistic discrete hybrid model was proposed in [3], but works only for distin-
guishable particles. A generalization to identical particles and fields, a necessary step towards
a relativistic formulation, was suggested in [38], showing that the classical Newtonian field is
recovered on average. A proper and thorough investigation of the properties of this newmodel,
whichwe name gravitational Poissonian spontaneous localization (GPSL), is the subject of this
work.

We derive general properties of GPSL and compare its phenomenology with that of
other hybrid models. As we will see, when applied to empty space, the dynamics give an
exactly vanishing gravitational field, since there are no collapses when there is no matter.
Phenomenologically, the most striking difference between GPSL and continuous weak mon-
itoring models is the absence of gravitational long-range decoherence in GPSL. Moreover, an
explicit example shows how the GPSLmodel can present a spatial decoherence rate lower than
the TD model, thus overcoming the so-called principle of least decoherence [2]. This implies
that an experiment measuring a spatial decoherence rate lower than the bound set by the TD
model would rule out all continuous weak monitoring models based on weak measurements
but may not rule out GPSL.

Mathematically, we argue that all of the above properties mainly stem from the fact that, in
contrast to the TD model and similar models, the gravitational interaction takes place entirely
through the jump operators of the Lindbladian instead of being mainly due to the appearance
of a new Hamiltonian term. The hybrid model structure in which gravitational feedback entails

3 The relativistic model proposed in [30] does not have this problem but the quantum system subject to the continuous
weak monitoring is not a standard one.
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the appearance of a new Newton-like Hamiltonian term is often used to set generic bounds on
hybrid models [11, 39, 40]. However, it is important to take into account that this structure
may not be necessary, as GPSL seems to show.

The paper is structured as follows. In section 2, we construct the GPSL model by defining
first the measurement part and then the feedback part. In section 3, we explore some general
properties of theGPSLmodel and, in section 4, we show how to obtain a simplified and approx-
imated version of it useful for practical calculations. Then, in sections 5 and 6, we explicitly
deal with two simple examples: an isolated particle and an isolated rigid sphere. Finally, in
section 7 we draw the conclusions of our paper.

2. The GPSL model

The fundamental idea behind the GPSL model, which was suggested in [38] but not invest-
igated, is that the classical gravitational Newtonian field is sourced by the mass configuration
generated by the results of spontaneous measurements of the (smeared) mass density operator;
the measurements occur at random times and in random places, according to a specific prob-
ability distribution. Its empirical predictions are encoded in the following master equation:

d
dt
ρt =− i

ℏ

[
Ĥ,ρt

]
+

γ

m0

ˆ
d3x
[
UG (x)m(x)ρtm(x)U†

G (x)−
1
2

{
m2 (x) ,ρt

}]
, (1)

where Ĥ is the standard Hamiltonian of the system (without the gravitational part),m(x) is the
square root of the smeared (over a radius rC) mass density operator µ̂rC(x), γ is the collapse

rate, m0 is the proton mass, and UG(x) = exp
[
−(i/γℏ)V̂(x)

]
is a unitary operator responsible

for the gravitational dynamics, where V̂(x) =−m0G
´
d3y |x− y|−1

µ̂rC(y), with G being the
gravitational constant. Notice how, in contrast to the models based on continuous weak meas-
urements of the mass density (see appendix A), here the gravitational feedback does not entail
the appearance of a new term in the Hamiltonian. The feedback is entirely contained in the
modification of the jump operators4.

The GPSL model presents two free parameters: the collapse rate γ, and the collapse radius
rC. The former quantifies how often a spontaneous measurement of µ̂rC(x) takes place while
the latter quantifies the smearing of the mass density operator, necessary to avoid divergences.
The smearing is usually taken to be Gaussian, i.e.

µ̂rC (x) = (grC ∗ µ̂)(x) =
ˆ

d3ygrC (x− y) µ̂(y) , grC (x) =
exp
{
−x2/

(
2r2C
)}(

2π r2C
)3/2 . (2)

Other choices are possible but less common; therefore, we will henceforth assume a Gaussian
smearing.

We now detail how equation (1) emerges, and the physics behind it. We separate the discus-
sion in two parts: the first describes the (spontaneous) measurement process, and the second
the gravitational feedback.

4 There may be a way to rewrite equation (1) in such a way that a new (and meaningful) Hamiltonian term appears,
bringing out part of the gravitational feedback out of the jump operators. However, we did not find it and it may be
that it is just not possible to do it.
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2.1. The measurement part

The spontaneous measurement process which sources gravity in hybrid models is, in prac-
tice, a spontaneous collapse model. Spontaneous collapse models [29, 31, 41] modify stand-
ard quantum mechanics by adding collapse processes to it. These collapses are negligible for
microscopic systems but dominant for macroscopic ones, thus explaining—at a fundamental
level—the disappearance of quantum superpositions [42]. The first model was proposed by
GRW [43], assuming that every particle has a constant-in-time random probability of spon-
taneously localize in space. The GRW model, however, is not applicable to identical particles
and fields without modifications; such generalizations exist [38, 44] and we denote them as
Poissonian spontaneous localization (PSL) models. The mass-proportional version of these
models is the subject of this section. Other relevant spontaneous collapse models include the
continuous spontaneous localization (CSL) model [45], in its mass-dependent version [46],
and the Diósi–Penrose (DP) model [47–50]. Both of them are applicable to (non-relativistic)
indistinguishable particles and fields, entail a continuous localization of the wavefunction, and
can be used as themeasurement part of themeasurement plus feedback scheme proposed in [1].
Since spontaneous collapsemodels modify the Schrödinger dynamics, they can be experiment-
ally falsified and bounds on their parameters have been investigated [51–54].

We briefly introduce the conceptual framework behind the PSL model [38]. It is assumed
that spacetime is filled with randomly distributed natural detectors (called collapse points)
whose clicking probability is proportional to the average of the smeared mass density operator
at their location and at the time of the spontaneous measurements. By considering the limit of
high spacetime density of collapse points and their vanishing coupling with quantum matter,
one obtains the PSL model, which is mathematically similar to the model of [44]. The click of
a collapse point corresponds to a spontaneous collapse of the wavefunction.

The resulting dynamics is given by the following stochastic Schrödinger equation [38]:

d |ψt⟩=

[
− i

ℏ
Ĥdt+

ˆ
d3x

(
m(x)√
⟨µ̂rC (x)⟩

− 1

)
dNt (x)

− γ

2m0

ˆ
d3x(µ̂rC (x)−⟨µ̂rC (x)⟩)dt

]
|ψt⟩ . (3)

In the above equation, dNt (x) denotes the Poisson increment characterized by the following
properties5:

E [dNt (x)] =
γ

m0
⟨ψt|µ̂rC (x)|ψt⟩dt ,

dNt (x)dt= 0,

dNt (x)dNt (y) = δ (x− y)dNt (x) .

(4)

A maybe useful analogy consists of considering equation (3) as a photo-detection stochastic
Schrödinger equation where a photon-counter is placed at every point in space and has a prob-
ability of clicking during an infinitesimal time dt equal to (γ/m0)⟨ψt|µ̂rC(x)|ψt⟩dt. So, the
probability of a collapse at point x and at time t is heuristically proportional to the amount of

5 In analogy to what done for the continuous models [1, 4], one could want to consider a more general kind of
Poissonian (but still Markovian) noise; one with spatial correlations between the Poisson infinitesimal increments
at different spatial locations. However, this does not seem possible because, due to the noise being Poissonian, there
cannot be two collapses at the same time.
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mass within a radius rC around x at time t. The master equation correspondent to the stochastic
equation of equation (3) is

d
dt
ρt =− i

ℏ

[
Ĥ,ρt

]
− γ

2m0

ˆ
d3x [m(x) , [m(x) ,ρt]]. (5)

As anticipated, the collapse mechanism is practically negligible for microscopic systems
while becomes important for larger ones. To see this in the PSL model, let us consider N
particles. We can write the smeared mass density operator as µ̂rC(x) =

∑N
j=1mjgrC(x− q̂j),

where q̂j is the vector position operator for the jth particle. In this case, the probability of a
collapse happening anywhere at any time between t and t+ dt is given by

E
[ˆ

d3xdNt (x)
]
= γ

M
m0

dt , (6)

whereM=
∑

jmj is the total mass of the N particles. A typical range of values for the collapse
rate is γ ∼ [10−9,10−3] Hz [54]. Then, as long as the total mass of the system is microscopic,
a collapse event is extremely rare within the usual time periods considered in experiments. The
dynamics of the system is practically the same as that given by standard quantum mechanics,
even for very delocalized states.

During ameasurement process, in absence of collapses, themeasured systemwould become
entangled with a measurement apparatus. The possible measurement results are then encoded
in macroscopically different states. Despite the fact that the dynamics of microscopic systems
is basically unaltered by spontaneous collapses, this is not so for a macroscopic apparatus.
In fact, the macroscopic apparatus is continuously kept in a definite macroscopic state (usu-
ally within a radius rA ≪ rC). This is called amplification mechanism [29] and explains how
measurements take place in a spontaneous collapse theory.

2.2. The feedback part

The classical Newtonian gravitational field is added to the quantum dynamics following the
strategy proposed in [3]: each collapse event produces a gravitational impulse which, if needed,
can be smeared both in space and time. (Here, we consider the case in which there is no
smearing in time and the spatial smearing is transferred to the action of the gravitational field
on quantum matter; in other words, the classical field couples to the operators µ̂rC(x) instead
of µ̂(x).

Accordingly, the Newtonian gravitational potential becomes [38]:

Φ (x, t)dt=
m0

γ

ˆ
d3yV (x,y)dNt (y) , V (x,y) :=− G

|x− y|
, (7)

where G is Newton’s constant. Since in an infinitesimal time dt there can only be at most
one collapse, the above formula gives a zero potential Φ(x, t)dt= 0 if there is no collapse;
if instead a collapse occurs at y0 (i.e. dNt (y) = δ(y− y0)), it gives the standard classical
Newtonian potential associated to a (infinite) point mass located at that point. Taking the aver-
age of equation (7) (see equation (4)) over the Poisson process one gets

E [Φ (x, t)dt] =
m0

γ

ˆ
d3yV (x,y)E [dNt (y)] =

ˆ
d3yV (x,y)⟨µ̂rC (y)⟩dt , (8)

which is equal to the Newtonian potential generated by the mass distribution ⟨µ̂(y)⟩, when
considering distances much larger than rC.

6
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To obtain the dynamics of quantum matter interacting with the above classical gravita-
tional potential in terms of a stochastic Schrödinger equation, one makes the substitution [38]
m(x)→ UG(x)m(x) in equation (3), where:

UG (x) = exp

{
− i
γℏ

V̂(x)
}
, V̂(x) = m0

ˆ
d3yV (x,y) µ̂rC (y) , (9)

UG(x) being the unitary gravitational impulse associated to a collapse located in x. Explicitly,
one gets:

d |ψt⟩=

[
− i

ℏ
Ĥdt+

ˆ
d3x

(
UG (x)m(x)√

⟨µ̂rC (x)⟩
− 1

)
dNt (x)

− γ

2m0

ˆ
d3x(µ̂rC (x)−⟨µ̂rC (x)⟩)dt

]
|ψt⟩ . (10)

Let us notice that V̂(x) is a sum of smeared mass density operators, so [UG(x), µ̂rC(y)] =
[UG(x),m(y)] = 0. Physically, this implies that it does not matter whether the gravitational
feedback takes place before or after the collapse. The Lindblad equation associated to
equation (10) is equation (1).

For N particles, the stochastic equation simplifies because µ̂rC(x) =
∑N

j=1mjgrC(x− q̂j) so
that
´
d3xm2(x) =

∑
jmj =M, the total mass of the system. Therefore, one has

d |ψt⟩=

[ˆ
d3x

(
UG (x)m(x)√

⟨µ̂rC (x)⟩
− 1

)
dNt (x)

]
|ψt⟩ ,

d
dt
ρt =− γ

m0

[
Mρt −

ˆ
d3xUG (x)m(x)ρtm(x)U†

G (x)
]
,

UG (x) = ei
∑

k rkf(q̂k−x),

(11)

where we defined rk ≡ (Gm0mk)(γℏ)−1, f(x) = |x|−1 erf(|x|/(rC
√
2)), and we omitted the

standard Hamiltonian term for conciseness.
In the rest of the paper, we will often make comparisons with the gravitational mod-

els based on continuous weak monitoring of the (smeared) mass density operator, sum-
marized in appendix A. In these models, the quantity sourcing the Newtonian field is [1]
µt(x) = ⟨µ̂rC(x)⟩+ δµt(x), where δµt(x) represents a white-noise in time with a potentially
non-trivial spatial correlator. This means that there are, continuously in time, measurement
results for every point in space (also when ⟨µ̂rC(x)⟩= 0), which can give back a negative mass
reading. This feature suggests that the vacuum may not be stable in a relativistic context; this,
as discussed in the introduction, is a key problem of relativistic models containing continu-
ous weak measurements [34]. In the GPSL model, instead, every collapse corresponds to the
detection of a positive mass and there are no collapses when there is no mass. Therefore, these
potentially problematic features are avoided by construction.

3. General properties of the model

We now explore the most relevant properties of the GPSL dynamics encoded in equation (1),
and compare them to those of the continuous weak monitoring models.

7
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3.1. Field fluctuations

In appendix B, we compute the spatial covarianceE[Φ(x, t)dtΦ(y, t)dt] of the Newtonian field
in the GPSL and continuous weak monitoring models. The variance of the fields at a point x
is obtained by setting x= y. For the GPSL model, we get

E [Φ (x, t)dtΦ (y, t)dt] =
m0

γ

ˆ
d3zV (x,z)V (y,z)⟨µ̂rC (z)⟩t dt , (12)

while for a generic continuous weak monitoring model we have

E [Φ (x, t)dtΦ (y, t)dt] =
1
4

(
V ◦ γ−1

C ◦V
)
(x,y)dt , (13)

where

( f ◦ g)(x,y) =
ˆ

d3z f(x,z)g(z,y) , (14)

and γ−1
C (x,y) is the inverse of the noise correlation kernel. Notice how the covariance, in

the GPSL case, is vanishing when ⟨µ̂rC(z)⟩t = 0. Indeed, this happens because there are no
collapses when there is no mass, and the resulting field is always zero with zero fluctuations.
On the contrary, in the continuous weak monitoring models, the covariance is independent
of the mass content in space. Moreover, without a smearing of V(x,y), the variance of the
continuous weak monitoring models based on the CSL or DP spontaneous collapse models is
divergent (see appendix B) while, in the GPSL case, this smearing is not needed.

3.2. Short range gravitational back-reaction

We want to show that the gravitational feedback of the GPSL model is short-ranged in the
sense that it is completely negligible when considering spatial superpositions at distancesmuch
larger than rC or than the system’s dimensions (whichever is higher). This is easily understood
when considering N particles so that (see equation (11))

d
dt
ρt (x,y) =− γ

m0
Mρt (x,y)

[
1+− 1

M

ˆ
d3zei

∑
k rk[f(xk−z)−f(yk−z)]

×
√∑

j,j ′

mjmj′grC (xj − z)grC
(
yj′ − z

)]
, (15)

where x and y denote the collective coordinates of the N particles. When the entire system is
in a superposition of two locations so that grC(xj − z)grC(yj′ − z)≃ 0, ∀xj,yj′ , the effect of the
gravitational back-reaction is negligible.

The effect predicted above can be explained as follows (see figure 1). When a system is
in a superposition of distant locations, any collapse event will immediately locate it to one of
the possible locations. The gravitational field that is generated as consequence of this collapse
is non-zero but all locations different from where the collapse occurred are now empty, so
there is no effect on the matter except for where matter is actually localized. The situation is
significantly different in the continuousweakmonitoringmodels, where the gravitational back-
reaction leads to long-range decoherence as opposed to the short-range one of theGPSLmodel.
In the continuous weak monitoring case, this happens because the gravitational feedback is in
place while the wavefunction is continuously collapsing so that the field now interacts with
multiple non-empty locations. We will see this general prediction confirmed in the particular
cases of a single particle (section 5) and of a rigid sphere (section 6).

8
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Figure 1. Pictorial explanation of the localization dynamics with gravitational back-
reaction, starting from a balanced superposition of a particle in two different locations.
In the GPSL model (above the timeline), the superposition remains balanced and the
gravitational field is always zero until the instantaneous collapse (represented by the
red circle) occurs. When it does, the body immediately localizes and the instantan-
eously generated field can only have effect where the body is located, thus explaining
the absence of long-range decoherence due to the gravitational back-reaction. In the
continuous weak monitoring models (below the timeline), the spatial superposition is
gradually suppressed by the continuous weak measurements (represented by the small
red circles) and the gravitational back-reaction acts during this process, giving rise to
additional long-range decoherence due to the gravitational back-reaction.

3.3. Average momentum conservation and average forces

The GPSL model does not select any special location in space. Therefore, translation invari-
ance of the model is expected for isolated systems. Indeed, when considering an ensemble
of N particles, equation (1) is evidently translation invariant as all the operators are functions
of position operators that are integrated over space. However, for open quantum systems, a
symmetry does not imply a conservation law [55–58]. In fact, already the collapse dynamics
alone should induce diffusion [59] so that the total momentum operator of an isolated system
is not conserved. Here, we show that the average of the total momentum of an isolated system
is conserved in the GPSL model.

The dynamics of an isolated system composed of N particles can be described as follows:

d
dt
ρt =− i

ℏ

[
P̂2

2M
+ Ĥr,ρt

]
+LGPSL (ρt) , (16)

where P̂ is the total momentum operator, M the total mass of the system, Ĥr the internal
Hamiltonian (which, by assumption, commutes with all operators referring to the center of
mass), andLGPSL is the Lindblad super-operator associated to the GPSLmodel. Changes of the

total momentum can only come from the Lindbladian, but showing that tr
{
P̂LGPSL(ρt)

}
= 0

9
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is not as easy as it may seem. In the PSL model (without gravity), this can be easily verified by
exploiting the unitary unraveling of equation (5) [54]. Similarly, a unitary unraveling can be
used to easily show the conservation of the average total momentum in any continuous weak
monitoring model (see appendix A.3).

To show the total momentum conservation in the GPSL model, we found it convenient to
smear the feedback response in time by an amount τ so that we can separate the gravitational
feedback from the spontaneous collapse dynamics. The details are given in appendix C. The
final result is that the average force (over state and noise) exerted by the jth particle on the kth
particle is given by

F̄k,j
= Gmkmj

ˆ
d3xd3zj d3zk ρ

( j,k)
t (zj,zk;zj,zk)

× grC (x+ zk − zj)
x

|x|2

[
1
|x|

erf

(
|x|

rC
√
2

)
− 4π r2CgrC (x)

]
, (17)

where ρ( j,k)t (zj,zk;z ′j ,z
′
k) is the reduced density matrix of the jth and kth particles in position

representation. Notably, the above formula reduces to Newton’s formula for the gravitational
force when rC → 0 and ρ( j,k)t (zj,zk;zj,zk) = δ(zj − xj)δ(zk − xk). Moreover, using the spher-

ical symmetry of grC(x), a simple change of variable x→−x shows that F̄k,j
=−F̄j,k

so that,
at the average level, pairs of forces neutralize and it follows that the average total momentum is
conserved. We remark, however, that the average energy is not constant. It is actually expected
to increase, as this is required for any collapse model that is effective in localizing superposi-
tions of matter [59].

4. Perturbative expansion of the GPSL master equation

Equation (1) is difficult tomanage for actual computations. Themaster equation becomesmore
tractable if the unitary operator UG(x) is expanded perturbatively. We first motivate why this
is possible and then we perform the expansion.

Let us consider an ensemble of particles so that µ̂rC(x) =
∑

kmkgrC(x− q̂k)wheremk is the
mass of the k-particle and q̂k its position operator. Then, we have that

V̂(x) =−Gm0

∑
k

mk
1

|q̂k − x|
erf

(
|q̂k − x|
rC
√
2

)
, UG (x) = ei

∑
k rkf(q̂k−x), (18)

where we recall that rk ≡ (Gm0mk)(γℏ)−1 and f(x) = |x|−1 erf(|x|/(rC
√
2)). To check if the

perturbative expansion of UG(x) for a given point x can be done, we can estimate
∑

k rkf(q̂k −
x)where k goes through all the particles contained in a ball of radius rC centered at x. Denoting
by NT the number of particles of type T contained in the ball, we get that∑

k

rkf(q̂k − x)⩽
∑
T

NTrTmax
x

f(x) =
∑
T

NTrT
√
2/π

rC
. (19)

So, the expansion can be made if
∑

TNTrT ≪ rC. To see that this is usually the case let us
consider a system with a standard particle density of approximately n0 ∼ 1023 cm−3. The
smallest considered value for the collapse rate is γ ∼ 10−9Hz [54], while a typical value
for rC is rC ∼ 10−7 m. Then, there are around NT ∼ n0r3C ∼ 108 particles6 in a ball of radius

6 We consider all particles of the same kind for simplicity.

10
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rC ∼ 10−7 m. Taking mT ∼ m0 we then get NrT/rC ∼ 10−6, which justifies the approxima-
tion even for very heavy molecules. So, the above approximation holds unless the particle
density is extremely high. For a Neutron star, for example, one would have NT ∼ 1023 and
NTrT/rC ∼ 109, so the above approximation would not be valid. Finally, keeping only the terms
up to second order one gets

UG (x)≃ 1− i
ℏγ

V̂(x)− 1
2ℏ2γ2

V̂2 (x) . (20)

Let us now use equation (20) to write a simpler master equation. First, we have that

UG (x)ρtU
†
G (x)≃

[
1− iV̂(x)

ℏγ
− V̂2 (x)

2ℏ2γ2

]
ρt

[
1+

iV̂(x)
ℏγ

− V̂2 (x)
2ℏ2γ2

]

≃ ρt −
i
ℏγ

[
V̂(x) ,ρt

]
− 1

2ℏ2γ2
[
V̂(x) ,

[
V̂(x) ,ρt

]]
. (21)

Then, substituting this in equation (1) we get

d
dt
ρt =− i

ℏ
1
m0

ˆ
d3x
[
V̂(x) ,m(x)ρtm(x)

]
+

γ

m0

ˆ
d3xDm(x) (ρt)

+
1

m0ℏ2γ

ˆ
d3xDV̂(x) (m(x)ρtm(x)) , (22)

wherewe introduced the notationDÂ(ρ) = ÂρÂ† − (1/2){Â†Â,ρ} to save space. Equation (22)
is not in Lindblad form because of the approximations made to obtain it. However, it is still
trace-preserving and its complete positivity (at second order in (ℏγ)−1V̂(x)) should hold when
the conditions for using equation (20) are satisfied.

In equation (22), we see that two new terms appear with respect to equation (5). One is a
unitary-like term and one is a dissipator-like term. The latter is akin to the additional decoher-
ence term that appears in the continuous weak monitoring models [1]. In particular, as in the
continuous weak monitoring model based on the CSL spontaneous collapse model, the new
dissipative term contains a factor γ−1, potentially allowing for experimental lower bounds
of γ once rC is fixed. The former, instead, should be responsible for inducing the expected
Newtonian behavior of single particles in a gravitational field generated by the other masses.
To show this, let us consider a particle of mass m, at distances much larger than rC from all
other masses. Moreover, let us consider a state ρt obeying the equation

d
dt
ρt =− i

ℏ
1
m0

ˆ
d3x
[
V̂(x) ,m(x)ρtm(x)

]
, (23)

and such that ρt = ρ
(p)
t ⊗ ρ

(µ)
t , where ρ(p)t is the reduced state of the particle of interest and

ρ
(µ)
t is the state of all the other masses. In appendix D, we show that

d
dt
ρ
(p)
t ≃− i

ℏ

ˆ d3x
−GmTr

{
µ̂(x)ρ(µ)t

}
|q̂p − x|

,ρ
(p)
t

, (24)

where Tr{µ̂(x)ρ(µ)t } is the average density mass distribution of all the other masses. This
is indeed the expected behavior as the Hamiltonian term appearing inside the commutator
corresponds to the Newtonian potential energy between the particle of mass m and the mass
distribution Tr{µ̂(x)ρ(µ)t }.

11



Class. Quantum Grav. 42 (2025) 225002 N Piccione and A Bassi

5. Single particle dynamics

We now explore the dynamics of an isolated particle and compare it to two continuous weak
monitoring models: one based on the CSL spontaneous collapse model and one based on the
DP one. In doing so, we will neglect the standard quantum dynamics of the particle as we are
interested in the spatial decoherence due to the gravitational back-reaction.

When neglecting the standard Hamiltonian, the density matrix of a single particle of mass
m in position representation evolves as follows:

d
dt
ρt (x,y) =−Γ(x,y)ρt (x,y) ,

Γ(x,y) =
γm
m0

[
1−
ˆ

d3z eirp[f(x−z)−f(y−z)]
√
grC (x− z)grC (y− z)

]
,

(25)

where we recall that rp = (Gm0m)(γℏ)−1 and f(x) = |x|−1 erf(|x|/(rC
√
2)). In appendix E.2

of [38], it is shown that Γ(x,y) is real so that the only effect of the collapse dynamics plus
gravitational back-reaction is spatial decoherence.

For the same reason as in section 4, we can expand the exponential inside the integral to
second order so to isolate the gravitational contribution7. The resulting expression contains an
integral computed in appendix E. The final result is

Γ(x,y) = γ
m
m0

[
1− e−d̃2/2 +

r2p
r2C

e−d̃2/2

2π4
F̃
(
d̃
)]
, (26)

where d̃≡ |x− y|/(2rC) and F̃(d̃) is a function that has to be evaluated numerically; F̃(d̃)
is plotted and fitted in figure 2. In the above equation, the first two terms between square
parentheses are due to the collapse dynamics alone and would be present even in absence of
the gravitational feedback. The last term is instead due to the gravitational feedback and goes
to zero more than exponentially fast because F̃(d̃) goes to zero exponentially fast for d̃≫ 1.
For d̃≪ 1, we have that F̃(d̃)≃ 4.49× d̃2.

We can compare the GPSL decoherence rate with those of the continuous weak monitoring
models based on the CSL and DP spontaneous collapse models (see appendix A.4):

ΓCSL (x,y) =
γCSL(

4π r2C
)3/2 ( m

m0

)2 [
1− e−d̃2

]
+
π rC
γCSL

m2
0m

2G2

ℏ2

[(
d̃+

1

2d̃

)
erf
(
d̃
)
− 2− e−d̃2

√
π

]
,

ΓDP (x,y) =
Gm2

ℏrC
√
π

[
1−

√
π

2d̃
erf
(
d̃
)]
. (27)

In the CSL case, the first term comes from the spontaneous collapse dynamics while the second
one from the gravitational back-reaction8. In the DP case, the spontaneous collapse and the

7 The resulting expression could have been obtained by calculating Γ(x,y) from equation (22) and noticing that the
unitary-like term vanishes.
8 Notice, though, that with the typical values of rC ∼ 10−7 m and γCSL ∼ 10−36 m3 s−1, the ratio between the pre-
factors of the collapse and gravitational decoherence gives π(4π)3/2G2m4

0r
4
C(ℏγCSL)−2 ∼ 4.4× 10−14 so that the

gravitational contribution would be comparable with the collapse one when the superposition is at distances of the
order of 107 m.
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Figure 2. The plot shows a numerical evaluation of F̃(d̃) using the AdaptiveMonteCarlo
built-in method in Mathematica. We then fitted the resulting curve with 4.49× d̃2 on the

left and 2.1× exp
{
−(d̃− 3.5)/1.3

}
on the right.

gravitational back-reaction both account for half of the decoherence rate [2]. The long-range
behavior of the gravitational back-reaction is strikingly different in the three cases. In theGPSL
case, the gravitational back reaction is rapidly suppressed for d̃≫ 1, in the DP case it saturates,
and in the CSL case it grows linearly with d̃. The fact that the decoherence rate is short-ranged
in the GPSL model while it is not in the continuous weak monitoring models is a consequence
of the general argument presented in section 3.2.

Before continuing, let us briefly make a comment on the so-called Principle of Least
Decoherence. In [2], Tilloy and Diósi proposed a way to choose a continuous spontaneous
collapse models among all the possible ones. They argued that one should choose the collapse
model that, once the gravitational back-reaction is added, leads to the lowest possible spatial
decoherence rate; this requirement singles out the DP model. However, the calculations of [2]
only apply to collapse dynamics based on continuous weak measurements. We now explicitly
show that, in theory, the GPSL model can lead to a lower decoherence rate than the TD [2].
This is easily done by considering a large spatial superposition such that |x− y| →+∞. Then,
one immediately gets9 (cf equations (25) and (27))

ΓGPSL → γ
m
m0
, ΓDP → Gm2

ℏrC
√
π
. (28)

Mathematically speaking, one can obtain that ΓGPSL < ΓDP by choosing γ small enough or
m large enough. In particular, for any value of γ and rC, there exists a large enough mass m
such that ΓGPSL < ΓDP. Conversely, for any value of γ there is also a small enough m that
ΓGPSL > ΓDP. For example, using values such as γ ∼ 10−9Hz and rC ∼ 10−7 m, one has that
ΓGPSL < ΓDP for both electrons, protons, and even much heavier particles. Indeed, we are not

9 Notice that we are not assuming rp ≪ rC for getting this result.
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claiming that GPSL is, generally speaking, harder to experimentally falsify than TD, but only
that there are situations in which one can have ΓGPSL < ΓDP, while, even mathematically, it
can never happen that ΓCSL < ΓDP. As a final comment, one may wonder if a general Principle
of Least Decoherence for GPSL can be satisfied. The answer is negative because the value of
γ minimizing equation (26) depends on the particle’s mass and the superposition distance.

6. Macroscopic rigid body dynamics

In this section, as previously done for the single particle, we investigate the decoherence rate
of a rigid body, in particular of a rigid sphere of radius R≫ rC. We choose a sphere as it is the
simplest rigid body on which (approximate) analytical results can be obtained.

In [54], we have shown how the action of the operator µ̂rC(x) decouples at the level of center
of mass and internal coordinates under the assumption of a rigid body whose orientation in
space is fixed. More than this, if the rigid body is of constant density, is characterized by a
typical length much higher than rC, rC is big enough to contain many atoms/molecules when
considering balls of radius rC within the body, and the rigid body’s surface varies on scales
much larger than rC, then the smeared mass density operator takes the following form10:

µ̂rC (x) = ϱrC

(
x− Q̂

)
=

M
V

1
2
+

1
2
erf

d
(
x− Q̂

)
rC
√
2

 , (29)

whereM is the total mass of the system, Q̂ is the center-of-mass position operator, while d(x) is
the (minimal in absolute value) distance between x and the rigid body’s surface with d(x)> 0
if x is within the body and d(x)< 0 if it is outside of it.

To analyze the rigid body dynamicswewill use equation (22). In the position representation,
the unitary-like term gives the following contribution:

d
dt
ρCMt (X,Y) =− i

ℏ
ΓCM
U (X,Y)ρCMt (X,Y) , (30)

with

ΓCM
U (X,Y) =

ˆ
d3zd3z ′V (z,z ′)ϱrC (z

′)
√
ϱrC (z)ϱrC (z+D)

−
ˆ

d3zd3z ′V (z,z ′)ϱrC (z
′)
√
ϱrC (z)ϱrC (z−D) (31)

where D= X−Y, and X(Y) denote center of mass position. When the two integrals give the
same result, for D and −D, one has ΓCM

U (X,Y) = 0. This is clearly the case for many shapes
with a certain amount of symmetries (such as a sphere).

Next, we study the decoherence-like term. To estimate the decoherence rate we make use
of the approximation11 ϱ(x) = (M/V)χV(x), where M is the mass of the rigid body, V is its
volume, and χV(x) is the indicator function associated to the volume of space occupied by the
rigid body around its center of mass. In the case of a homogeneous rigid sphere of radius

10 It may be useful to recall that F(z) = [1+ erf(z/
√
2)]/2 is the cumulative distribution function of the standard

normal distribution.
11 Notice that if we were interested in the energy increase of the rigid body, we could not use this approximation but
should instead use a more sophisticated one, as done in [54].
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Figure 3. The plot shows the functions KGPSL
G (x), KDP

G (x), and KCSL
G (x).

R≫ rC, ΓCSL(D), ΓDP(D), and ΓGPSL(D) can be computed exactly (see appendix F). The
results are12

ΓCSL (D) =
3γCSL
4πR3

M2

m2
0

[
1−KCSL

C

]
+

R
γCSL

G2M2m2
0

ℏ2
KCSL
G

(
D̃
)
,

KCSL
C (x) = Θ(1− x)

[
1− 3

2
x+

x3

2

]
,

KCSL
G (x) =

π

70

[
Θ(1− x)

(
56x2 − 28x4 + 14x5 − x7

)
+Θ(x− 1)(70x− 36+ 7/x)

]
,

(32)

for the CSL model,

ΓDP (D) = 2
GM2

ℏR
KDP

(
D̃
)
,

KDP (x) =
π3/2

2
√
2

[
Θ(1− x)

(
4x2 − 3x3 +

2
5
x5
)
+Θ(x− 1)

(
12
5

− 1
x

)]
,

(33)

for the DP model, and

ΓGPSL (D) = γ
M
m0

[
1−KGPSL

C

(
D̃
)
+

R2
M

R2
KGPSL
G

(
D̃
)]
,

KGPSL
C (x) = Θ(1− x)

[
1− 3

2
x+

x3

2

]
,

KGPSL
G (x) = Θ(1− x)

x2

2

[(
3+ 60x2

)
arccos(x)− x

√
1− x2

(
13+ 50x2

)]
,

(34)

12 The result for ΓDP(D) is indeed equal to two times the one obtained by Penrose in [50] (figure 11).
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for the GPSL model, where D̃= |D|/(2R) and RM = (Gm0M)(γℏ)−1. The functions KG(x)
(plotted in figure 3) behave quadratically for D̃≪ 1 and reach unit magnitude for D̃∼ 1.
Because of the short ranged nature of the gravitational decoherence in the GPSL model,
KGPSL
G (D̃) vanishes for D̃⩾ 1. On the contrary, it saturates to a finite value in the DP model.

In all cases, when D̃≫ 1 the decoherence rate dependence on the distance becomes the same
as in the single particle case.

We introduced the length13 RM so to clearly see what happens by considering spheres of
the same density but different radius. Indeed, writing M∼ µ0R3 where, µ0 is the constant
density of the sphere, we see that by considering larger and larger spheres, the gravitational
decoherence term will eventually dominate the spontaneous collapse one (for D⩽ 1). The
scale at which the gravitational decoherence rate can be comparable with the spontaneous
collapse one is around the human scale. For example, considering a bodywith amass density of
100 kgm−3, and using γ = 10−9Hz one has that RM ∼ Rwhen R∼

√
γℏ/(Gm0µ0)∼ 10−4 m.

The value γ = 10−9 Hz is the lowest one allowed according the theoretical lower bound of [54].
Using the upper bound value of γ when rC = 10−7 m, (i.e. γ ∼ 10−3Hz) one would get R∼
10−1 m, which is still at the human scale. However, this is also the macroscopic scale at which
objects behave classically. Therefore the most important term in the decoherence remains the
spontaneous collapse one because it is linear in D when D≪ 1, while the gravitational one is
quadratic.

7. Conclusions

We investigated the hybrid classical-quantum GPSL model presented in [38], which sources a
classical Newtonian gravitational field from the random discrete collapses occurring onmatter.
Compared to other hybrid models [1, 2, 4], GPSL does not allow for negative mass readings
and makes the gravitational field associated to empty space exactly vanishing. We argue that
this makes the model more promising as the starting point for a relativistic hybrid model,
since the vacuum needs to be stable in relativistic spontaneous collapse theories [34] to avoid
intractable divergences. In fact, we deem reasonable to assume that this requirement extends to
any full hybrid classical-quantum model of gravity and should survive a non-relativistic limit.
Additionally, GPSL directly applies to indistinguishable particles and fields.

The GPSL model, with its clear and well-defined predictions, offers several avenues for
experimental verification [60]. Notably, its different mathematical structure leads to the avoid-
ance of long-range gravitational decoherence and to the absence of gravitational field fluctu-
ations in empty space, thus making it distinguishable from other hybrid gravity models. The
model also allows, in principle, for lower decoherence than the bound set by the hybrid model
based on the DP spontaneous collapse model, thus enabling tests that could falsify all continu-
ous weak measurement models without ruling out GPSL.

Additionally, the collapse parameters γ and rC, which govern the frequency and spatial
resolution of the spontaneous measurements, are accessible to experimental bounds, partic-
ularly through decoherence measurements in spatial superposition experiments with meso-
scopic or macroscopic objects [52]. Among the most promising routes are matter-wave inter-
ferometric tests with increasingly massive particles or rigid bodies [61]. At the same time,
non-interferometric tests based on spontaneous radiation emission [62–64], heating effects in

13 We recall that, contrary to the single particle case of equation (26), equation (34) does not rely on an assumption
such as RM ≪ R. The perturbative master equation of equation (22) relies on the mass density of the rigid sphere being
not too high.
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bulk matter [65–67] or astronomical objects [68], or high-precision force measurements [69,
70] can provide independent constraints on themodel’s parameters and help identify or exclude
the model’s predictions. These complementary strategies collectively position GPSL as a the-
oretically robust and experimentally approachable candidate among hybrid gravity models.

As a final comment, we remark that GPSL, as the other hybrid gravitational models in
the Newtonian limit, should be seen as a theoretical first step in getting to a model merging
quantum mechanics and general relativity. This task is obviously very challenging. An inter-
mediate step could consist of exploring the first-order post-Newtonian approximations to the
model. This has already been done for the Schrödinger–Newton equation, e.g. in [71, 72]; the
same kind of modifications should be applicable to GPSL without losing its advantages over
the Schrödinger–Newton equation.
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Appendix A. The TD models

In this appendix, we will resume the continuous weak monitoring models following [1,
2, 4]. These models are constructed by considering naturally occurring continuous weak
measurements of the smeared mass density14 µ̂rC(x) at all points in space, and implementing
Newtonian gravity as a feedback mechanism based on the measurements’ results. For future
convenience, we also introduce the notation µ̃rC(x) = µ̂rC(x)−⟨µ̂rC(x)⟩.

A.1. The measurement part

We consider that at each spatial point a continuous weak measurement of the smeared density
mass operator takes place, giving the measurement record [4]:

µt (x) = ⟨µ̂rC (x)⟩+ δµt (x) , δµt (x) =
1
2

ˆ
d3yγ−1

C (x− y)
dWt (y)

dt
, (35)

where the Wiener increment dWt (x) is such that15 dWt (x)dWt (y) = γC(x,y)dt=
γC (|x− y|)dt. Moreover, one has dWt (x)dt= 0 and E[dWt (x)] = 0. The inverse of γC(x,y)
is defined by the relation

(
γC ◦ γ−1

C

)
(x,y)≡

ˆ
d3zγC (x,z)γ

−1
C (z,y)

=

ˆ
d3zγC (x− z)γ−1

C (z− y) = δ (x− y) . (36)

This leads to the stochastic equation

[d |ψt⟩]meas =

[ˆ
d3x µ̃rC (x)dWt (x)−

1
2

ˆ
d3xd3yγC (x,y) µ̃rC (x) µ̃rC (y)dt

]
|ψt⟩ , (37)

where [d |ψt⟩]meas denotes the infinitesimal variation due to the measurements. Notice how
γC(x,y) enters in the stochastic equation while the measurement error is defined through
γ−1
C (x,y). This can be intuitively understood because the less information one gets from the

measurement (γ−1
C (x,y) is somewhat large) the less the measured system is disturbed (γC(x,y)

is somewhat small).
The master equation can be obtained by averaging over the stochastic equation for the dens-

ity matrix: dρt = E [dσt] = E [|dψt⟩⟨ψt|+ |ψt⟩⟨dψt|+ |dψt⟩⟨dψt|]. One gets
d
dt
ρt =−1

2

ˆ
d3xd3yγC (x,y) [µ̂rC (x) , [µ̂rC (y) ,ρt]]. (38)

The CSL model is recovered by choosing γC(x,y) = (γCSL/m2
0)δ(x− y) and making the sub-

stitution dWt → (
√
γCSL/m0)dWt. The DP model is instead obtained by choosing γC(x,y) =

−(1/2ℏ)V(x,y), where we recall that V(x,y) =−G|x− y|−1.

14 We recall that the smeared mass density operator is defined by µ̂rC (x) = (grC ∗ µ̂)(x) where grC (x) is a smearing
function usually characterized by a radius rC and the ∗ operator denotes convolution. Usually, one takes the Gaussian
smearing grC (x) = (2π r2C)

−3/2 exp
{
−x2/(2r2C)

}
. This smearing is necessary to avoid divergences and rC usually

constitutes a free parameter of spontaneous collapse models.
15 This kind of generalized Wiener increment can be obtained by convoluting the usual Wiener increment. See page
22 (492) of [31].
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A.2. Adding the gravitational feedback

Newtonian gravity can be obtained by introducing the classical potential

ΦC (x, t) =
ˆ

d3yV (x− y)µt (y) , (39)

where V(x− y) =−G|x− y|−1 and G is Newton’s constant. We immediately see how taking
the average E [ΦC(x, t)] gives the usual semiclassical Newtonian potential when considering
distances much higher than rC.

The procedure followed in [1] is akin to a measurement and feedback procedure [19, 20]
with a detector performing a continuous weakmeasurement at each spatial point. The feedback
Hamiltonian chosen in [1, 4] is

Ĥfb (t) =
ˆ

d3xΦC (x, t) µ̂rC (x) =
ˆ

d3xd3yV (x− y)µt (y) µ̂rC (x) , (40)

where we remark that the mass operator appearing inHfb(t) is also smeared. Implementing the
feedback one gets the following three contributions to the differential of the wavefunction:

[d |ψt⟩]meas =

[ˆ
d3x µ̃rC (x)dWt (x)−

1
2

ˆ
d3xd3yγC (x,y) µ̃rC (x) µ̃rC (y)dt

]
|ψt⟩ ,

[d |ψt⟩]fb =
[
− i
ℏ

ˆ
d3xd3yV (x− y)⟨µ̂rC (y)⟩ µ̂rC (x)dt

− i
2ℏ

ˆ
d3xd3y

(
V ◦ γ−1

C

)
(x− y) µ̂rC (x)dWt (y)

− 1
8ℏ2

ˆ
d3xd3y

(
V ◦ γ−1

C ◦V
)
(x− y) µ̂rC (x) µ̂rC (y)dt

]
|ψt⟩ ,

[d |ψt⟩]corr =
[
− i
2ℏ

ˆ
d3xd3yV (x− y) µ̃rC (y) µ̂rC (x)dt

]
|ψt⟩ . (41)

From the above equations, themaster equation can be obtained by averaging over the stochastic
master equation. The result is

d
dt
ρt =− i

ℏ

[ˆ
d3xd3y

V (x− y)
2

µ̂rC (x) µ̂rC (y) ,ρt

]
− 1

2

ˆ
d3xd3yDCM (x,y) [µ̂rC (x) , [µ̂rC (y) ,ρt]], (42)

where

DCM (x,y) = γC (x,y)+
1
4ℏ2

(
V ◦ γ−1

C ◦V
)
(x,y) . (43)

Comparing equation (42) with equation (38) one sees that an Hamiltonian term appears due to
the feedback. This term is exactly equal to the standard quantization of the Newtonian potential
when rC → 0. Thus, in the continuous weak monitoring approach, this term is responsible for
accounting Newtonian gravitation but it also predicts modifications of it at lengthscales lower
or similar to rC.
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A.3. Stochastic unraveling of continuous weak monitoring models master equations

It usually convenient to unravel the master equation of a spontaneous collapse model in terms
of a stochastic potential. This is a standard procedure since [73].

Let us consider a master equation of the following kind:

d
dt
ρt =− i

ℏ

[
Ĥ,ρt

]
− 1

2

ˆ
d3xd3yDCM (x,y)

[
L̂(x) ,

[
L̂(y) ,ρt

]]
, (44)

We want to prove that there exist a unitary unraveling given by the following stochastic
potential:

V̂(t) = ℏ
ˆ

d3x L̂(x)w(x, t) , (45)

where w(x, t) is a white-in-time noise characterized by

E [w(x, t)] = 0, E [w(x, t)w(y,s)] = δ (t− s)DCM (x,y) , (46)

where DCM(x,y) =DCM(|x− y|).
To prove the validity of the unraveling one starts with a density matrix ρt and evolves in

time to t+ δt, up to second order in δt, according to a certain realization of the noise with

U(t+ δt, t) = T exp

{
− i
ℏ

ˆ t+δt

t
H ′ (s)ds

}
≃ 1− i

ℏ

ˆ t+δt

t
H ′ (s)ds

− 1
ℏ2

ˆ t+δt

t

ˆ t1

t
H ′ (t1)H

′ (t2)dt1 dt2 , (47)

where H ′(t) = Ĥ+ V̂(t). The average density matrix is obtained by taking the average over
the noise of ρt+δt = U(t+ δt, t)ρtU†(t+ δt, t) and keeping only terms up to first order in δt.
The heuristic argument16 to do so is to consider [w(x, t)]∼ δt−1/2 so that, for example, a term
like
´
ĤV̂(t2)dt1 dt2 and

´
V̂(t1)V̂(t2)V̂(t3)dt1 dt2 dt3 are both of higher order and have to be

neglected. Then, one must use equalities such as E
[´ t+δt

t V̂(s)ds
]
= 0,

E

[ˆ t+δt

t

ˆ t+δt

t
dt1 dt2 V̂(t1)ρtV̂(t2)

]
= ℏ2δt

ˆ
d3xd3yDCM (x,y) L̂(x)ρtL̂(y) , (48)

and

E

[ˆ t+δt

t

ˆ t1

t
dt1 dt2 V̂(t1) V̂(t2)ρt

]

= ℏ2
[ˆ t+δt

t

ˆ t1

t
δ (t1 − t2)dt1 dt2

]ˆ
d3xd3yDCM (x,y) L̂(x) L̂(y)ρt

=
δt
2
ℏ2
ˆ

d3xd3yDCM (x,y) L̂(x) L̂(y)ρt. (49)

The master equation is finally obtained by writing ρ̇t = limδt→0(ρt+δt − ρt)/δt.

16 This connected to the idea of writing w(x, t) = dWt(x)/dt, where dWt (x) is the generalized Wiener increment.
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Now that we have proven that equation (44) can be unraveled by

iℏ
d
dt

|ψt⟩=
[
Ĥ+ V̂(t)

]
|ψt⟩ , (50)

it is easy to show that the average force acting on each particle and due to V̂(t) is vanishing on
average. If Ĥ is the pairwise gravitational interaction (with or without smearing), conservation
of average momentum follows automatically.

A.4. Decoherence rate for isolated particles

In a generic continuous weak monitoring model, the single particle decoherence takes the form

d
dt
ρt (x,y) =−m2ρt (x,y)

ˆ
d3kF {DCM}(k) [F {grC}(k)]

2
[1− cos(k · (x− y))] ,

=−4πm2ρt (x,y)
ˆ ∞

0
dkk2F {DCM}(k)

e−k2r2C

(2π)3

[
1− sin(k|x− y|)

k|x− y|

]
,

(51)

where F {f}(k) denotes the Fourier transform of f(x). In the above equation, F {DCM}(k) is
an abuse of notation due to the fact that DCM(x,y) is translation invariant and, therefore, its
Fourier transform is diagonal in momentum space. Using the above equation one can obtain
the following decoherence rate for the continuous weak monitoring model based on the DP
spontaneous collapse model:

F {DDP}(k) =
4Gπ

ℏk2
=⇒ ΓDP (x,y) =

Gm2

ℏrC
√
π

[
1−

√
π

2d̃
erf
(
d̃
)]
, (52)

where we introduced d̃≡ |x− y|/(2rC).
The decoherence rate of the continuous weak monitoring model based on the CSL spon-

taneous collapse model can be obtained by summing the collapse part (see, for example, [54])
and the gravitational part, which is equal to

ΓCSL
G (D) =

m2
0m

2G2

8ℏ2γCSL

ˆ
d3z
[ˆ

d3z ′
1

|z− z ′|
[grC (z

′)− grC (z
′ +D)]

]2
. (53)

If we take the limit rC → 0 =⇒ grC(x)→ δ(x) one can exploit the equality
ˆ

d3z
[
1
|z|

− 1
|z+D|

]2
= 4π |D|. (54)

to get the same formula of equation (33) [page 6] of [1], even though with some different
notational choices. Keeping rC finite, instead, the calculation proceeds as follows. First, since
the result cannot depend on the direction of D, we set D= dê3 and rewrite the integral asˆ

d3zd3z ′ d3z ′ ′G2 (z ′,d)G2 (z ′ ′,d)
1

|z− z ′|
1

|z− z ′ ′|
, (55)

where G2(z ′,d) = [grC(z
′)− grC(z

′ − dê3)]. This integral can then be rewritten as follows,

remembering that F
(
|z− z ′|−1

)
(k,k ′) = 4πk−2δ(k+k ′):

ˆ
d3zd3z ′ d3z ′ ′G2 (z ′,d)G2 (z ′ ′,d)

1
|z− z ′|

1
|z− z ′ ′|

= 16π2
ˆ

d3k
G̃2 (k,d) G̃2 (−k,d)

k4
. (56)
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The Fourier transform of G2 is given by

G̃2 (k,d) =
1− eidk3

(2π)3/2
e−k2r2C/2 =⇒ G̃2 (k,d) G̃2 (−k,d) =

2e−k2r2C

(2π)3
[1− cos(dk3)] . (57)

So, the integral becomes

32π2

(2π)3

ˆ
d3k

e−k2r2C

(2π)3
[1− cos(dk3)]

k4
= 8

√
πrC

[√
π

(
d̃+

1

2d̃

)
erf
(
d̃
)
−
(
2− e−d̃2

)]
, (58)

where in the last line we used d̃= d/(2rC). We also have that

d̃≪ 1 =⇒ 8
√
πrC

[√
π

(
d̃+

1

2d̃

)
erf

(
d̃
)
−
(
2− e−d̃2

)]
≃ 16

√
π

3
rCd̃

2,

d̃≫ 1 =⇒ 8
√
πrC

[√
π

(
d̃+

1

2d̃

)
erf

(
d̃
)
−
(
2− e−d̃2

)]
≃ 4π rC

(
2d̃− 4√

π
+

1

d̃

)
≃ 8π rCd̃.

(59)

In conclusion, the decoherence rate due to gravity is

ΓCSL
G (D) =

π rC
γCSL

m2
0m

2G2

ℏ2

[(
d̃+

1

2d̃

)
erf
(
d̃
)
− 2− e−d̃2

√
π

]
(60)

Appendix B. Field fluctuations

In this appendix, we compute the fluctuations for both the GPSL and continuous weak monit-
oring models. We start with the GPSL model, recalling that

Φ (x, t)dt=
m0

γ

ˆ
d3yV (x,y)dNt (y) ,

E [dNt (y)] =
γ

m0
⟨µ̂rC (y)⟩t dt ,

E [Φ (x, t)dt] =
ˆ

d3yV (x,y)⟨µ̂rC (y)⟩t dt

(61)

which implies that

E [Φ (x, t)dtΦ (x ′, t)dt] =
m0

γ

ˆ
d3yV (x,y)V (x ′,y)⟨µ̂rC (y)⟩t dt . (62)

Since the termE [Φ(x, t)dt]E [Φ(x ′, t)dt] is proportional to dt2, we can neglect it and the above
expression is also the covariance of the Newtonian field sourced by the PSL model. Its square
root gives the fluctuations of the field. The variance is given by the covariance by setting
x= x ′:

E [Φ (x, t)dtΦ (x, t)dt] =
m0

γ

ˆ
d3yV2 (x,y)⟨µ̂rC (y)⟩t dt=

m0G2

γ

ˆ
d3y

⟨µ̂rC (x+ y)⟩t
y2

dt .

(63)

Regarding the continuous weak monitoring case, we recall that:

µt (x) = ⟨µ̂rC (x)⟩+ δµt (x) , δµt (x) =
1
2

ˆ
d3yγ−1

C (x− y)
dWt (y)

dt
, (64)

where theWiener increment dWt (x) is such that dWt (x)dWt (y) = γC(x,y)dt= γC (|x− y|)dt
and the inverse of γC(x,y) is defined by the relation
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(
γC ◦ γ−1

C

)
(x,y)≡

ˆ
d3zγC (x,z)γ

−1
C (z,y)

=

ˆ
d3zγC (x− z)γ−1

C (z− y) = δ (x− y) , (65)

and

ΦC (x, t)dt=
ˆ

d3yV (x,y)µt (y)dt . (66)

Then, one has

E
[
δµt (x)δµt (y)dt

2]= γ−1
C (x,y)

4
dt =⇒ E [ΦC (x, t)dtΦC (x ′, t)dt]

=
1
4

ˆ
d3yd3y ′V (x,y)V (x ′,y ′)γ−1

C (y,y ′)dt , (67)

which can be written as

E [ΦC (x, t)dtΦC (x ′, t)dt] =
dt
4

(
V ◦ γ−1

C ◦V
)
(x,x ′) . (68)

So, focusing on the CSL and DP cases:

CSL: γC (x,y) =
γCSL
m2

0

δ (x− y) =⇒ E
[
ΦC (x, t)dtΦC

(
x ′, t

)
dt
]
=

dt
4

m2
0

γCSL
(V ◦V)

(
x,x ′)

DP: γC (x,y) =− 1
2ℏ

V (x,y) =⇒ E
[
ΦC (x, t)dtΦC

(
x ′, t

)
dt
]
=−ℏdt

2
V
(
x,x ′) . (69)

In both cases, the variance (the covariance with x= x ′) diverges.

Appendix C. Conservation of average momentum and pairwise average forces

In this appendix, we prove that the total average momentum of an isolated system governed
only by the GPSL dynamics is conserved.

Let us consider an ensemble of N particles. Since the processes of spontaneous collapse
and gravitational back-reaction are instantaneous and tied together in the stochastic and master
equations (equation (11)), it is not as easy as one might expect from similar analysis carried out
for other models such as the continuous weakmonitoringmodels, to show that the gravitational
feedback contribution does not change on average the total momentum. To face this problem,
we smear the gravitational feedback in time by an amount τ so to formally separate it from
the collapse process. One then makes the limit τ → 0 at the end of the calculations to restore
the original dynamics. We can write the stochastic equation of equation (11) of the main text
as follows:

d |ψt⟩=
[
− i
ℏ

(
Ĥ+

1
γ

ˆ t

t−τ

ds fτ (t− s)
ˆ

d3x V̂(x) I(s,x)
)
dt

+

ˆ
d3x

(
m(x)√
⟨µ̂rC (x)⟩

− 1

)
dNt (x)

]
|ψt⟩ , (70)

where fτ (t) is a smearing function different from zero only in a small interval of length τ and
I(t,x) = dNt (x)/dt is the so-called measurement current (see page 256 of [19]). In particular,
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we assume that fτ (0) = fτ (τ) = 0 and
´ τ
0 fτ (s)ds= 1. Moreover, we recall that

V̂(x) =−Gm0

∑
k

mk

ˆ
d3y

1
|x− y|

grC (y− q̂k)

=−Gm0

∑
k

mk
1

|x− q̂k|
erf

(
|x− q̂k|
rC
√
2

)
. (71)

To check that equation (70) gives back equation (11) when τ → 0 let us consider what happens
after a collapse at point xC and time tC so that I(t,x) = δ(t− tC)δ(x− xC). Since τ → 0, we
can safely assume that no other collapses take place for t ∈ [tC, tC + τ ] and that we can neglect
the standard Hamiltonian of the system. Then, the state of the system at time tC + τ is

lim
τ→0

|ψtC+τ ⟩= lim
τ→0

exp

{
− i
ℏ

ˆ tC+τ

tC

dt

[
1
γ

ˆ t

t−τ

ds fτ (t− s)
ˆ

d3x V̂(x)δ (s− tC)δ (x− xC)
]}

× m(xC)√
⟨µ̂rC (xC)⟩t−C

∣∣∣ψt−C

〉
= lim

τ→0
exp

{
− i
ℏγ

ˆ tC+τ

tC

dt
[
fτ (t− tC) V̂(xC)

]}

× m(xC)√
⟨µ̂rC (xC)⟩t−C

∣∣∣ψt−C

〉
= e−(i/ℏγ)V̂(xC) m(xC)√

⟨µ̂rC (xC)⟩t−C

∣∣∣ψt−C

〉
, (72)

where t−C denotes a time infinitesimally before tC so that |ψt−C
⟩ is the state before the collapse

event. The state at the end of the above chain of equalities is exactly the state one would get
from the stochastic equation of equation (11) after a collapse.

Continuing with the assumption that a collapse takes place at time tC and point xC, we can
compute the (stochastic) force F̂k,d(t,xC) acting on the kth particle along an arbitrary direction
d and due to the gravitational feedback at a time t such that tC < t< tC + τ . Since, in the end,
we take τ → 0, we can again assume that no other collapse happens and we can neglect the
standard Hamiltonian, thus obtaining:

F̂k,d (t,xC) =
i
ℏ

[
1
γ

ˆ t

tC

fτ (t− s)
ˆ

d3x V̂(x)δ (s− tC)δ (x− xC)ds , p̂k,d

]
=

i
ℏγ fτ (t− tC)

[
V̂(xC) , p̂k,d

]
=− fτ (t− tC)

γ
∂d

[
Gm0mk

|xC − q̂k|
erf

(
|xC − q̂k|
rC
√
2

)]
=

Gmkm0

γ
fτ (t− tC)

(xC)d − q̂k,d

|xC − q̂k|2

[
1

|xC − q̂k|
erf

(
|xC − q̂k|
rC
√
2

)
− 4π r2CgrC (xC − q̂k)

]
,

(73)

which means that the impulse given to the kth particle along the direction d is

Ĵk,d (xC) =
ˆ tC+τ

tC

F̂k,d (t,xC)dt=
Gmkm0

γ

(xC)d − q̂k,d

|xC − q̂k|2

[
1

|xC − q̂k|
erf

(
|xC − q̂k|
rC
√
2

)

− 4π r2CgrC (xC − q̂k)

]
. (74)
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Since the collapse probability is proportional to the mass density (cf equation (4)), the con-
ditional probability for a collapse to happen at xC ∈ d3x given that it happens at time tC is

P
(
xC ∈ d3x |Collapse at time tC

)
=

⟨µ̂rC (xC)⟩t−C d3x´
d3z⟨µ̂rC (z)⟩t−C

=
1
M

⟨µ̂rC (xC)⟩t−C d3x , (75)

which implies that the average impulse is

E
[
Ĵk,d|Collapse at time tC

]
=

1
M

ˆ
d3x⟨µ̂rC (x)⟩t−C Ĵk,d (x)d3x . (76)

The next step is to take also the average of the above quantity over the quantum state; to
this end, we have to keep in mind that the state at time t+C (a time infinitesimally after tC
but previous to the gravitational feedback) on which the impulse acts depends on where the
collapse happened. This state is given by∣∣∣ψt+C

〉
=

m(xC)√
⟨µ̂rC (x)⟩t−C

∣∣∣ψt−C

〉
. (77)

Therefore, the average of Ĵk,d(x) on both the noise and the state is given by

E
[〈

Ĵk,d
〉
t+C
|Collapse at time tC

]
=

1
M

ˆ
d3x⟨µ̂rC (x)⟩t−C

×

〈
m(x)√

⟨µ̂rC (x)⟩t−C
Ĵk,d (x)

m(x)√
⟨µ̂rC (x)⟩t−C

〉
t−C

=
1
M

ˆ
d3x
〈
µ̂rC (x) Ĵk,d (x)

〉
t−C

=
∑
j

mj

M

ˆ
d3x
〈
grC (q̂j − x) Ĵk,d (x)

〉
t−C
, (78)

where we exploited the fact that
[
m(x), Ĵk,d(x)

]
= 0 and we have used µ̂rC(x) =

∑
jmjgrC

(q̂j − x).
Each addendum in equation (78) can be seen as the average impulse applied by the jth

particle on the kth particle. Writing the average explicitly and summing over all spatial direc-
tions one gets

J̄k,j =
m0

γM
Gmkmj

ˆ
d3zj d3zk d3yσ

( j,k)

t−C
(zj,zk;zj,zk)grC (y+ zk − zj)

y

|y|2

×
[
1
|y|

erf

(
|y|

rC
√
2

)
− 4π r2CgrC (y)

]
, (79)

where σ( j,k)

t−C
(zj,zk;z ′j ,z

′
k) is the reduced density matrix of the particles j and k in position rep-

resentation and we also made the change of variables y= x− zk. We decided to use σ instead
of ρ to denote the density matrix at time t−C to distinguish it from the density matrix of the mas-
ter equation, which is obtained by averaging over the noise. Using the spherical symmetry of
grC(y), a simple change of variable y→−y shows that J̄k,j =−J̄j,k. Therefore, at the average
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(over state and noise) level, pair of impulses neutralizes and it follows that the average total
momentum is conserved.

Let us now derive the average force between two particles. When considering N particles
whose total mass amounts to M, the probability for a collapse happening anywhere in a time
dt is given by (cf equation (4)):

E
[ˆ

dNt (x)d3x
]
=

ˆ
d3x

γ

m0
⟨ψt|µ̂rC (x)|ψt⟩dt=

γM
m0

dt , (80)

which means that we can obtain the average force exerted by particle j on particle k by mul-
tiplying the average impulse by the rate γM/m0, obtaining

F̄k,j
= Gmkmj

ˆ
d3zj d3zk d3yσ

( j,k)

t−C
(zj,zk;zj,zk)grC (y+ zk − zj)

y

|y|2

×
[
1
|y|

erf

(
|y|

rC
√
2

)
− 4π r2CgrC (y)

]
. (81)

Finally, when dealing with the average dynamics (without following a specific trajectory of
the system), one can see that σ( j,k)

t−C
(zj,zk;zj,zk) = E[σ( j,k)

t+C
(zj,zk;zj,zk)]. This follows from the

fact that σ( j,k)
t (zj,zk;zj,zk) can be seen as the joint probability distribution of the observables

q̂j and q̂k, which are conserved according to equation (11). In equation (11), the standard

Hamiltonian is neglected, but this has no consequence for the equality σ( j,k)

t−C
(zj,zk;zj,zk) =

E[σ( j,k)

t+C
(zj,zk;zj,zk)], because the standard Hamiltonian cannot have dynamical effects in

an infinitesimal time. This reasoning allows us to write ρ
( j,k)
t (zj,zk;zj,zk) in place of

σ
( j,k)

t−C
(zj,zk;zj,zk), thus giving equation (17) of the main text.

For each couple of points zk and zj, the integral appearing in equation (81) gives rise to a
vector quantity that is directed from zk to zj. This can be seen by assuming that dj,k := zj − zk
lies, say, on the y3 axis. Then, the integration for the two orthogonal components (to ê3) gives
zero because, for each value of y3, all functions appearing in the integral are spherically sym-
metric in the y1-y2 plane except for yj with j = 1,2, which is an odd function. Thus, the integral
vanishes unless j= 3, that is when we are computing the force along the direction parallel to
zj − zk. The fact that the force is always directed from zk to zj can be seen from numerical
integration. In fact, the integral may be rewritten as follows by using spherical coordinates
and integrating the angular parts:

ˆ
d3xgrC (y−dj,k)

y

|y|2

[
1
|y|

erf

(
|y|

rC
√
2

)
− 4π r2CgrC (y)

]
=

e−d2r

4πd2r r
2
C

ˆ ∞

0
dr

e−r2

r

[
e−2drr (1+ 2drr)− e+2drr (1− 2drr)

]
×
[√

π

r
erf (r)− 2e−r2

]
=:

F̃G (dr)

r2C
, (82)

where dr := |dj,k|/(rC
√
2) so that everything is written in terms of a-dimensional quantities

except for the prefactor 1/r2C. The quantity F̃G(dr) is plotted in figure 4, where we also show
that

F̃G (dr ≪ 1)≃ 4
3π2

dr, F̃G (dr ≫ 1)≃ sign(dr)
2

1
d2r
. (83)
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Figure 4. The plot shows the function F̃G(dr), defined in equation (82) and its perturb-
ative forms defined in equation (83).

Therefore, when considering two particles such that ρ( j,k)t (zj,zk;zj,zk) is non-negligible only
when |zj − zk| ≫ rC one correctly gets that

F̄k,j ≃
ˆ

d3zj d3zk ρ
( j,k)
t (zj,zk;zj,zk)

[
Gmkmj

zj − zk
|zj − zk|3

]
. (84)

Appendix D. Reduced dynamics of a single particle distant from other masses

In this appendix, we derive equation (24) of the main text. We want to check that a particle
far enough from all other masses behaves as expected according to the unitary-like term of
equation (22). To this end, with a certain abuse of notation, we write the smeared mass oper-
ator as mgrC(x− q̂)+ µ̂rC(x), the non-smeared version in a similar way, and the square root
of the smeared mass operator as

√
mgrC(x− q̂)+

√
µ̂rC(x). This writing of the square root

is possible because the particle is assumed to be much more distant than rC from all other
masses. For the same reason we take the state to be ρt = ρ

(p)
t ⊗ ρ

(µ)
t where ρ(p)t is the density

matrix of the particle and ρ(µ)t that of the other masses17. We can also separate the potential

as V̂(x) = Vp(x)+Vµ(x) with Vp(x) =−Gm0m|x− q̂|−1 erf
[
|x− q̂|/(

√
2rC)

]
, and we have

that for every x one has
√

grC(x− q̂)ρt
√
µ̂rC(x)≃ 0. We then have

17 A more general case where it makes sense to say that the particle is much more distant than rC from the rest of the

masses is if ρt
∑

k akρ
(p)
t,k ⊗ ρ

(µ)
t,k where this distance is realized for every k.
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− i
ℏ

1
m0

ˆ
d3xTrµ

{[
V̂(x) ,

√
grC (x− q̂)ρt

√
grC (x− q̂)+

√
µ̂rC (x)ρt

√
µ̂rC (x)

]}
=− i

ℏ
1
m0

ˆ
d3x
[
Vp (x) ,

√
grC (x− q̂)ρ(p)t

√
grC (x− q̂)

]
− i

ℏ
1
m0

ˆ
d3x
[
Vp (x)Tr

{
µ̂rC (x)ρ

(µ)
t

}
,ρ

(p)
t

]
. (85)

The first term of equation (85) seems a self-interaction term which however gives a null
contribution to the dynamics. This can be proven by writing the integral as follows

⟨x|
ˆ

d3z
[
Vp (x) ,

√
grC (z− q̂)ρ(p)t

√
grC (z− q̂)

]
|y⟩

∝ ρ
(p)
t (x,y)

ˆ
d3z

√
grC (x− z)grC (y− z)

 erf
(
|x− z|/

(√
2rC

))
|x− z| −

erf
(
|y− z|/

(√
2rC

))
|y− z|


∝ ρ

(p)
t (x,y)

ˆ
d3z

√
grC (z)grC (z+ d)

 erf
(
|z|/

(√
2rC

))
|z| −

erf
(
|z+ d|/

(√
2rC

))
|z+ d|


∝ ρ

(p)
t (x,y)

ˆ d3z
√

grC(z)grC(z+ d)
erf

(
|z|/(

√
2rC)

)
|z|

−
ˆ

d3z
√

grC(z)grC(z− d)
erf

(
|z|/(

√
2rC)

)
|z|

= 0. (86)

In the last line, the two integrals give the same result because it depends only on |d|= |x− y|
due to the spherical symmetry of grC(x) and erf(|x|).

The second term of equation (85) represents the effect of the other masses on our test
particle. Since the distance is much higher than rC we canmake the substitutions grC(x)→ δ(x)
inside Vp(x), and Tr{µ̂rC(x)ρ

(µ)
t }→ Tr{µ̂(x)ρ(µ)t }. So, we get

− i
ℏ

1
m0

ˆ
d3x
[
Vp (x)Tr

{
µ̂rC (x)ρ

(µ)
t

}
,ρ

(p)
t

]
≃− i

ℏ

ˆ d3x
−GmTr

{
µ̂(x)ρ(µ)t

}
|x− q̂|

,ρ
(p)
t

, (87)

which gives equation (24) of the main text.

Appendix E. Single particle decoherence in GPSL

In this appendix, we compute the decoherence rate appearing in equation (26) of the main text.
We start from

Γ(x,y) =
γm
m0

[
1−
ˆ

d3zeirp[f(x−z)−f(y−z)]
√

grC (x− z)grC (y− z)
]
, (88)

which, being real, can be written as

Γ(x,y) =
γm
m0

[
1−
ˆ

d3zcos(rp [f(x− z)− f(y− z)])
√
grC (x− z)grC (y− z)

]
. (89)
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Expanding the cosine to second order we get

Γ(x,y) =
γm
m0

[
1−
ˆ

d3z

(
1−

r2p
2
[f(x− z)− f(y− z)]

)√
grC (x− z)grC (y− z)

]
. (90)

The zero-order part gives the collapse contribution to the decoherence rate and is computed
in [54]. Here we compute the integral appearing in the second order term:

ˆ
d3z
√
grC (x− z)grC (y− z)

erf
(
|x− z|/

(√
2rC
))

|x− z|
−

erf
(
|y− z|/

(√
2rC
))

|y− z|

2

. (91)

First we recall thatˆ
d3z ′

grC (x− z ′)
|z− z ′|

=
1

|x− z|
erf
(
|x− z|/

(√
2rC
))

, (92)

which can be used to put equation (91) in a more useful form. As a result of the fact the
evaluation of equation (91) can only depend on d= |x− y|, we write it in the following wayˆ

d3zd3z ′ d3z ′ ′G1 (z,d)G2 (z ′,d)G2 (z ′ ′,d)
1

|z− z ′|
1

|z− z ′ ′|
, (93)

where G1(z,d) =
√
grC(z)grC(z− dê3), and G2(z ′,d) = [grC(z

′)− grC(z
′ − dê3)]. This integ-

ral can then be rewritten as follows by remembering that F
(
|z− z ′|−1

)
(k,k ′) =

4πk−2δ(k+k ′):

ˆ
d3zd3z ′ d3z ′ ′G1 (z,d)G2 (z ′,d)G2 (z ′ ′,d)

1
|z− z ′|

1
|z− z ′ ′|

=
16π2

(2π)3/2

ˆ
d3kd3v

G̃1 (−(k+ v) ,d) G̃2 (k,d) G̃2 (v,d)

k2v2
. (94)

Now we compute the Fourier transform of each of these functions:

G̃1 (k) = e−d2/(8r2C) eidk3/2

(2π)3/2
e−k2r2C/2, G̃2 (k) =

1− eidk3

(2π)3/2
e−k2r2C/2. (95)

So, the integral can be written as

− 64π2

(2π)6
e−d2/8r2C

ˆ
d3kd3vsin

(
dk3
2

)
sin

(
dv3
2

)
e−r2C(k

2+v2+k·v)

k2v2
.

=
64π2

(2π)6
e−d2/8r2C

ˆ
d3kd3vsin

(
dk3
2

)
sin

(
dv3
2

)
e−r2C(k

2+v2−k·v)

k2v2
.

=
1
π4

e−d̃2/2

r2C

ˆ
d3k̃d3ṽsin

(
d̃k̃3
)
sin
(
d̃ṽ3
) e−(k̃

2+ṽ2−k̃·ṽ)

k̃2ṽ2
=

e−d̃2/2

π4r2C
F̃
(
d̃
)
, (96)

where in the last line we used d̃= d/(2rC), k̃= rCk, and ṽ= rCv.
It does not seem possible to evaluate F̃(d̃) analytically. However, we can compute its expan-

sion for d̃≪ 1. This is so because by the time sin
(
d̃k̃3
)
is not anymore well approximated by

its Taylor expansion, the exponential is such that we are in the region of very small contribu-
tions to the integral. Numerically, we get F̃(d̃)|d̃≪1 ≃ 4.49× d̃2. On the other hand, we know
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that limd̃→∞F(d̃) = 0 because the integrand becomes rapidly oscillating. By numerically plot-
ting the function and then fitting it, we discover that it decays exponentially fast to zero (see the
caption of figure 2). The numerical integration is more easily done by writing F̃(d̃) as follows:

F(d) = 4π2
ˆ π

0
dθk dθV

ˆ +∞

0
dkdve−(k

2+v2−kvcos(θk)cos(θV))

× I0 (kvsin(θk)sin(θV))sin(θk)

× sin(θV)sin(dkcos(θk))sin(dvcos(θV)) , (97)

where In(x) is the modified Bessel function of the first kind18. Moreover, we used the Adaptive
MonteCarlo built-in method in Mathematica to produce the plot of figure 2 because standard
numerical integration methods were not converging.

Appendix F. Decoherence of a spherical rigid body

In this appendix, we show how to compute the decoherence rates appearing in section 6 of the
main text. Using equation (29), the decoherence due to gravity for GPSL and for the continuous
weak monitoring models based on CSL and DP is given by (cf equation (22) for the GPSL
model and equation (42) for the continuous weak monitoring ones)[

d
dt
ρt (X,Y)

]
Grav

=−ΓG (D)ρt (X,Y) ,

ΓDP
G (D)≡ G

2ℏ

ˆ
d3zϱrC (z)

ˆ
d3z ′

1
|z− z ′|

[ϱrC (z
′)− ϱrC (z

′ +D)] ,

ΓGPSL
G (D)≡ G2m0

2ℏ2γPSL

ˆ
d3z
√
ϱrC (z)ϱrC (z+D)

×
[ˆ

d3z ′
1

|z− z ′|
[ϱrC (z

′)− ϱrC (z
′ +D)]

]2
,

ΓCSL
G (D)≡ m2

0G
2

8ℏ2γCSL

ˆ
d3z
[ˆ

d3z ′
1

|z− z ′|
[ϱrC (z

′)− ϱrC (z
′ +D)]

]2
,

(98)

where we introduced D≡ X−Y. In the following, we will make the approximation ϱrC(x)≃
(M/V)χV(x), whereM is the mass of the rigid body, V is its volume, and χV(x) is the indicator
function associated to the volume of space occupied by the rigid body around its center ofmass.

To compute the decoherence rate of a spherical rigid body we first recall how to generally
write the Fourier transform of a spherically symmetric function:

f̃(k) =
1

(2π)3/2

ˆ
d3x f(|x|)eik·x = 2π

(2π)3/2

ˆ ∞

0
drr2f(r)

ˆ π

0
dθ sin(θ)eikrcos(θ)

=
4π

(2π)3/2

ˆ ∞

0
drr2

sin(kr)
kr

f(r) . (99)

18 See https://reference.wolfram.com/language/ref/BesselI.html.en.
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Using this, we can compute the Fourier transform of the indicator function of a sphere of
radius R:

χ̃R (k) =
4π

(2π)3/2

ˆ R

0
drr2

sin(kr)
kr

=

√
2/π
k3

[sin(kR)− kRcos(kR)] . (100)

To compute the decoherence rate for all models we need to compute the following integral

ˆ
d3z ′

χR (z ′)
|z− z ′|

=

ˆ
d3k

4π

(2π)3/2k2
χ̃R (|k|)eik·z

=
16π2

(2π)3/2

ˆ ∞

0
dk

sin(krz)
krz

χ̃R (k) =
16π2

(2π)3/2
R2
ˆ ∞

0
dk̃

sin
(
k̃(rz/R)

)
k̃(rz/R)

χ̃1

(
k̃
)

= (2πR)2FSp (rz/R) . (101)

where

FSp (x) =
1
π

[
Θ(1− x)

3− x2

6
+Θ(x− 1)

1
3x

]
. (102)

Similarly, we can computeˆ
d3z ′

χR (z ′ +D)
|z− z ′|

=

ˆ
d3y

χR (y)
|(z+D)− y|

= (2πR)2FSp (rz+D/R) , (103)

where rz+D is the radial component of the vector z+D.
For the DP model, we have to compute

ˆ
d3zχR (z)FSp

( rz
R

)
= 4π

ˆ R

0
r2FSp

( rz
R

)
=

2
15

(2π)3/2R3, (104)

and

ˆ
d3zχR (z)FSp

( rz+D

R

)
=

ˆ
d3yχR (y−D)FSp

( ry
R

)
= R3

ˆ
d3k χ̃R (|k|)eik·DF̃Sp (|k|R)

= 4πR3
ˆ ∞

0
dkk2

sin(krD)
krD

χ̃R (k) F̃Sp (kR)

= 4πR3
ˆ ∞

0
dk̃ k̃2

sin
(
k̃(rD/R)

)
k̃(rD/R)

χ̃1

(
k̃
)
F̃Sp

(
k̃
)

=
(2π)3/2

9
R3

Θ(
2− rD

R

) 192− (rD/R)
2
(
80− 30(rD/R)+ (rD/R)

3
)

160

+Θ
( rD
R

− 2
) 1
rD/R

]
, (105)

where F̃Sp(k̃) = k−5 [sin(k)− kcos(k)]. Substituting back into equation (98) with ϱ(x) =
(3/4)Mπ−1R−3χR(x) and making some algebraic simplifications one gets half of the decoher-
ence rate reported in equation (33). We recall that in the continuous weak monitoring model
based on the DP model the collapse decoherence rate is exactly equal to the gravitational one.

To compute the decoherence in the GPSL model we need the following integral (cf
equation (98))
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ˆ
d3zχR (z)χR (z+D)

[
FSp

( rz
R

)
−FSp

( rz+D

R

)]2
= 2
ˆ

d3zχR (z)χR (z+D)FSp

( rz
R

)[
FSp

( rz
R

)
−FSp

( rz+D

R

)]
. (106)

Since both z and z+D have to be within a radius R of the origin we can take the function
FSp(x) as FSp(x) = (3− x2)/(6π). Therefore, introducing z̃= z/R and D̃= D/Rwe can write
the integral in two equivalent formsˆ

d3zχR (z)χR (z+D)
[
FSp

( rz
R

)
−FSp

( rz+D

R

)]2
=

R3

18π2

ˆ
d3z̃χ1 (z̃)χ1

(
z̃+ D̃

)(
3− z̃2

)[
D̃2 − 2z̃ · D̃

]
,

=
R3

18π2

ˆ
d3z̃χ1 (z̃)χ1

(
z̃+ D̃

)[
D̃2 − 2z̃ · D̃

]2
.

(107)

Let us now choose D̃= 2dê3 with 0⩽ d⩽ 1. The integral then becomes

R3 16d
2

18π2

ˆ
d3z̃χ1 (z̃)χ1

(
z̃+ D̃

)
[d− z3]

2
= R3 16d

2

9π

ˆ √
1−d2

0
dρρ
ˆ √

1−ρ2−2d

−
√

1−ρ2

dz3 [d− z3]
2

= R3 4d
2

27π

[(
3+ 60d2

)
arccos(d)− d

√
1− d2

(
13+ 50d2

)]
Θ(1− d) .

(108)

Substituting back into equation (98) with ϱ(x) = [(4/3)πR3]−1MχR(x) one gets the gravita-
tional part of the decoherence rate reported in equation (34). The collapse part of the decoher-
ence rate is given by

ΓCM
Collapse (D) = γ

M
m0

[
1− 1

V

ˆ
d3xχR (x)χR (x+D)

]
= γ

M
m0

{
1−Θ(1−D)

[
1− 3

2
D+

1
2
D3

]}
. (109)

where D= |D|/(2R). Summing the two parts one gets equation (34).
Finally, to compute the gravitational decoherence in the CSLmodel, we have to do the same

calculation steps as in appendix A.4. In particular, one gets

ΓCSL
G (D) =

m2
0M

2G2

8ℏ2γCSLV2

ˆ
d3zd3z ′ d3z ′ ′

1
|z− z ′|

1
|z− z ′ ′|

[χV (z ′)

−χV (z ′ −Dê3)] [χV (z ′ ′)−χV (z ′ −Dê3)]

=
2π2m2

0M
2G2

ℏ2γCSLV2

ˆ
d3k

G̃(k,d) G̃(−k,d)

k4
, (110)

where

G̃(k,d) = χ̃R (k)
[
1− eiDk3

]
=⇒ G̃(k,d) G̃(−k,d) = 2χ̃2

R (k) [1− cos(Dk3)] . (111)

Then (cf equation (100)),
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ΓCSL
G (D) =

4π2m2
0M

2G2

ℏ2γCSLV2

ˆ
d3k

χ̃2
R (k) [1− cos(Dk3)]

k4

=
4π2m2

0M
2G2

ℏ2γCSLV2
× 2πR7

315

[
Θ(1−D)

(
56D2 − 28D4 + 14D5 −D7

)
+Θ(D− 1)

(
70D− 36+

7
D

)]
. (112)

The collapse part of the decoherence rate for the CSL model can be computed as

ΓCM
CSL (D) =

γCSL
V

M2

m2
0

[
1− 1

V

ˆ
d3xχR (x)χR (x+D)

]
=

3γCSL
4πR3

M2

m2
0

{
1−Θ(1−D)

[
1− 3

2
D+

1
2
D3

]}
. (113)
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